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Àííîòàöèÿ

Èññëåäóåòñÿ çàäà÷à óïðàâëåíèÿ ðåøåíèÿìè íåëèíåéíûõ äè��åðåíöè-

àëüíûõ óðàâíåíèé ñ íåóñòîé÷èâûìè ïîëîæåíèÿìè ðàâíîâåñèÿ. Ïðåäïî-

ëàãàåòñÿ, ÷òî îïåðàòîð ëèíåàðèçîâàííîé çàäà÷è îãðàíè÷åí è åãî ñïåêòð

ðàñïîëîæåí âíóòðè ïðàâîé ïîëóïëîñêîñòè. Äîêàçàíî ñóùåñòâîâàíèå

óïðàâëåíèÿ, ïðè êîòîðîì ðåøåíèå ìîæíî óäåðæèâàòü â ëþáîé íàïå-
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Abstrat

The problem of ontrolling solutions to nonlinear di�erential equations is

studied. equations with unstable equilibrium positions. It is assumed that

the operator of the linearized problem is bounded and its spetrum is loated

inside the right half-plane. The existene of a ontrol has been proven in

whih the solution an be maintained in any predetermined neighborhood

of the equilibrium position for an arbitrarily long time.
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� 1. Ââåäåíèå è ïðåäâàðèòåëüíàÿ èí�îðìàöèÿ

Èçó÷åíèå âîçìîæíîñòè ïîñòðîåíèÿ óïðàâëåíèÿ ïàðàìåòðàìè äèíàìè-

÷åñêîé ñèñòåìû, ïðè êîòîðîì îáúåêò, îïèñûâàåìûé ýòîé ñèñòåìîé, óäåðæè-

âàåòñÿ â íåêîòîðîé îáëàñòè, ÿâëÿåòñÿ îäíèì èç àêòóàëüíûõ íàïðàâëåíèé

ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ (ñì. [1�17℄). Ïðåäìåòîì íàñòîÿùåé

ðàáîòû ÿâëÿþòñÿ âîïðîñû, ñâÿçàííûå ñ ïîñòðîåíèåì òàêîãî óïðàâëåíèÿ

äëÿ íåïðåðûâíîé äèíàìè÷åñêîé ñèñòåìû, îïèñûâàåìîé äè��åðåíöèàëü-

íûì óðàâíåíèåì â áàíàõîâîì ïðîñòðàíñòâå, â îêðåñòíîñòè íåóñòîé÷èâîãî

ïîëîæåíèÿ ðàâíîâåñèÿ.
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Â êîíöå 70-ûõ ãîäîâ ïðè èññëåäîâàíèè âîïðîñà î âîçìîæíîñòè óïðàâ-

ëåíèÿ ýâîëþöèîííûìè ïðîöåññàìè, âîçíèêàþùèìè â êàòàëèòè÷åñêèõ ðå-

àêòîðàõ è èìåþùèìè íåóñòîé÷èâûå ñòàöèîíàðíûå ðåæèìû, Ò. È. Çåëå-

íÿêîì áûëà ïðåäëîæåíà èäåÿ î ñïîñîáå óïðàâëåíèÿ ïàðàìåòðàìè äè��å-

ðåíöèàëüíîãî óðàâíåíèÿ, ïðè êîòîðîì åãî ðåøåíèå ìîæåò óäåðæèâàòüñÿ

â ìàëîé îêðåñòíîñòè íåóñòîé÷èâîãî ñòàöèîíàðíîãî ðåøåíèÿ ñêîëü óãîä-

íî äîëãî (ñì. [8�9℄). Ýòà èäåÿ áûëà îñíîâàíà íà ý��åêòå ¾îòòàëêèâàíèÿ¿

ðåøåíèÿ îò íåóñòîé÷èâîãî ñòàöèîíàðíîãî ðåøåíèÿ ñ òå÷åíèåì âðåìåíè.

Äëÿ íàãëÿäíîñòè îïèøåì êðàòêî ñëåäóþùèé ïðèìåð äëÿ äè��åðåí-

öèàëüíîãî óðàâíåíèÿ z′(t) = λ(z(t) − u), ãäå z(t) � �àçîâàÿ ïåðåìåííàÿ,

ðàññìàòðèâàåìàÿ íà èíòåðâàëå (0, r) â ìîìåíò âðåìåíè t, u � âåùåñòâåí-

íûé ïàðàìåòð, λ � ïîëîæèòåëüíîå ÷èñëî. ßñíî, ÷òî äëÿ êàæäîãî �èêñèðî-
âàííîãî çíà÷åíèÿ ïàðàìåòðà u �óíêöèÿ z(t) ≡ u ÿâëÿåòñÿ íåóñòîé÷èâûì

ñòàöèîíàðíûì ðåøåíèåì. Òîãäà, åñëè â íà÷àëüíûé ìîìåíò âðåìåíè ïðè-

äàäèì ïàðàìåòðó u çíà÷åíèå 0, òî ðåøåíèå z(t) ñ íà÷àëüíûì ïîëîæåíèåì

èç èíòåðâàëà (0, r) áóäåò óäàëÿòüñÿ îò ëåâîé ãðàíèöû 0 è ïðèáëèæàòüñÿ

ê ïðàâîé ãðàíèöå r. Åñëè â íåêîòîðûé ìîìåíò âðåìåíè, ïîêà ðåøåíèå z(t)
íå äîñòèãëî ïðàâîé ãðàíèöû, ïðèäàäèì ïàðàìåòðó u çíà÷åíèå r, òî ðåøå-
íèå z(t) ïîéäåò â ñòîðîíó ëåâîé ãðàíèöû. Ïðîäîëæàÿ ïðîöåññ óïðàâëåíèÿ
ïîäîáíûìè ïåðåêëþ÷åíèÿìè, ìîæíî óäåðæèâàòü ðåøåíèå z(t) â ïðåäåëàõ
ðàññìàòðèâàåìîãî èíòåðâàëà (0, r) ñêîëü óãîäíî äîëãî.

Â äàëüíåéøåì ýòà èäåÿ áûëà ïðèìåíåíà â ðàáîòàõ [10�13℄. Â íèõ áûëè

èññëåäîâàíû çàäà÷è äëÿ ðàçëè÷íûõ êëàññîâ óðàâíåíèé ïóòåì ëèíåàðèçà-

öèè è ñâåäåíèÿ ê ñîîòâåòñòâóþùåé ìîäåëüíîé çàäà÷å äëÿ ñóæåíèÿ îïåðà-

òîðà ëèíåàðèçîâàííîé çàäà÷è íà êîðíåâîå ïîäïðîñòðàíñòâî, îòâå÷àþùåå

ñîáñòâåííûì çíà÷åíèÿì èç ïðàâîé ïîëóïëîñêîñòè. Îäíàêî ðàçðåøèìîñòü

ýòèõ çàäà÷ áûëà óñòàíîâëåíà ñî ñëåäóþùèì îãðàíè÷åíèåì íà õàðàêòåð

íåóñòîé÷èâîñòè: âíóòðè ïðàâîé ïîëóïëîñêîñòè ñïåêòð îïåðàòîðà ëèíåàðè-

çîâàííîé çàäà÷è ìîã èìåòü íå áîëåå äâóõ ñîáñòâåííûõ çíà÷åíèé. Íàëè÷èå

ýòîãî îãðàíè÷åíèÿ ïîçâîëÿëî ïðèìåíåíèå ãåîìåòðè÷åñêèõ ñâîéñòâ, õàðàê-

òåðíûõ äëÿ îäíîìåðíûõ è äâóìåðíûõ ïðîñòðàíñòâ, íî íå èìåþùèõ ìåñòî

â ïðîñòðàíñòâàõ áîëåå âûñîêîé ðàçìåðíîñòè. Ïîçæå ïîÿâèëèñü ðàáîòû [15�

17℄, â êîòîðûõ äëÿ ìîäåëüíîé çàäà÷è â êîíå÷íîìåðíîì ïðîñòðàíñòâå îãðà-

íè÷åíèå íà êîëè÷åñòâî ñîáñòâåííûõ çíà÷åíèé ñíèìàåòñÿ, è äîêàçàíî ñóùå-

ñòâîâàíèå óïðàâëåíèÿ ñî ñ÷åòíûì ÷èñëîì çíà÷åíèé ïàðàìåòðà u. Íàñòîÿ-
ùàÿ ðàáîòà ïðåäñòàâëÿåò ñîáîé îáîáùåíèå ïîäõîäà, èçëîæåííîãî â ðàáî-

òå [17℄, äëÿ ìîäåëüíîé çàäà÷è íà óðîâíå äèíàìè÷åñêîé ñèñòåìû, îïèñû-

âàåìîé íåëèíåéíûì àâòîíîìíûì óðàâíåíèåì â áàíàõîâîì ïðîñòðàíñòâå,

ñî ñëåäóþùèì îãðàíè÷åíèåì íà õàðàêòåð íåóñòîé÷èâîñòè: îïåðàòîð ëè-

íåàðèçîâàííîé çàäà÷è îãðàíè÷åí è åãî ñïåêòð ðàñïîëîæåí âíóòðè ïðàâîé

ïîëóïëîñêîñòè.
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� 2. Ïîñòàíîâêà çàäà÷è

�àññìîòðèì óïðàâëÿåìûé ïðîöåññ â áàíàõîâîì ïðîñòðàíñòâå Z, îïèñû-

âàåìûé îáûêíîâåííûì äè��åðåíöèàëüíûì óðàâíåíèåì

z′(t) = f(z(t), v), (1)

ãäå z(t) � �àçîâàÿ ïåðåìåííàÿ ñî çíà÷åíèÿìè â Z, õàðàêòåðèçóþùàÿ ñî-

ñòîÿíèå ïðîöåññà â ìîìåíò âðåìåíè t, v � óïðàâëÿþùèé ïàðàìåòð ñî çíà-

÷åíèÿìè â áàíàõîâîì ïðîñòðàíñòâå V, f � îòîáðàæåíèå èç Z× V â Z.

Â äàëüíåéøåì äëÿ ïðîèçâîëüíîãî áàíàõîâà ïðîñòðàíñòâà B ÷åðåç || · ||B
áóäåì îáîçíà÷àòü åãî íîðìó, à ÷åðåç 0B � åãî íóëåâîé ýëåìåíò.

Ïóñòü èìååòñÿ óïðàâëÿþùèé ñóáúåêò, êîòîðûé ìîæåò ìãíîâåííî ïå-

ðåêëþ÷èòü çíà÷åíèå óïðàâëÿþùåãî ïàðàìåòðà íà íîâîå, ïðè÷åì òàê, ÷òî

ïðîäîëæèòåëüíîñòü âðåìåíè ìåæäó ñîñåäíèìè ìîìåíòàìè ïåðåêëþ÷åíèé

îãðàíè÷åíà ñíèçó íàïåðåä çàäàííûì τ0 > 0. Â êà÷åñòâå óïðàâëåíèÿ áóäåì

ðàññìàòðèâàòü êóñî÷íî-ïîñòîÿííîå îòîáðàæåíèå v(t) òàêîå, ÷òî

v(t) = v(ts−1), t ∈ [ts−1, ts), ts − ts−1 ≥ τ0, s ∈ N.

Äëÿ óïðàâëåíèÿ v(t) ðåøåíèåì óðàâíåíèÿ

z′(t) = f(z(t), v(t)) (2)

íà îòðåçêå [tk−1, ts], ãäå s ∈ N, k = 1, . . . , s, áóäåì íàçûâàòü íåïðåðûâíóþ

íà ýòîì ïðîìåæóòêå �óíêöèþ z(t) òàêóþ, ÷òî íà êàæäîì èç ïðîìåæóòêîâ

[tl−1, tl), l = k, . . . , s,

�óíêöèÿ z(t) ÿâëÿåòñÿ íåïðåðûâíî äè��åðåíöèðóåìûì ðåøåíèåì óðàâ-

íåíèÿ (1) ñ ïàðàìåòðîì v = v(tl−1).
Äîïóñòèì, ÷òî ïðè v = 0V óðàâíåíèå (1) èìååò íåóñòîé÷èâîå ñòàöè-

îíàðíîå ðåøåíèå z(t) ≡ 0Z, ò.å. f(0Z, 0V) = 0Z. Öåëüþ íàñòîÿùåé ðàáî-

òû ÿâëÿåòñÿ ïîèñê óñëîâèé, ïðè êîòîðûõ ðàçðåøèìà çàäà÷à óïðàâëåíèÿ

íà áåñêîíå÷íîì ïðîìåæóòêå, ñîñòîÿùàÿ â ñóùåñòâîâàíèè îòêðûòîãî ïîä-

ìíîæåñòâà íåêîòîðîé îêðåñòíîñòè Z òî÷êè 0Z òàêîãî, ÷òî äëÿ âñÿêîãî íà-
÷àëüíîãî ïîëîæåíèÿ z0 èç ýòîãî ïîäìíîæåñòâà ñóùåñòâóåò óïðàâëåíèå v(t)
ñî çíà÷åíèÿìè èç íåêîòîðîé îêðåñòíîñòè V òî÷êè 0V, ïðè êîòîðîì äëÿ

ëþáîãî íîìåðà s ∈ N óðàâíåíèå (2) èìååò íà îòðåçêå [t0, ts] îäíî è òîëüêî

îäíî ðåøåíèå z(t), óäîâëåòâîðÿþùåå íà÷àëüíûì äàííûì z(t0) = z0, è ýòî

ðåøåíèå íå âûõîäèò çà ïðåäåëû îêðåñòíîñòè Z ïðè t ∈ [t0, ts].
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� 3. Ñâåäåíèå ê çàäà÷å óïðàâëåíèÿ íà êîíå÷íîì ïðîìåæóòêå

Â äàëüíåéøåì äëÿ ïðîèçâîëüíîãî áàíàõîâà ïðîñòðàíñòâà B ÷åðåç

BB(a; r) áóäåì îáîçíà÷àòü çàìêíóòûé øàð ðàäèóñà r ñ öåíòðîì â òî÷êå a.
Ïðîñòðàíñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ èç V â Z áóäåì îáîçíà-

÷àòü ÷åðåç L(V,Z), à èç Z â Z � ÷åðåç L(Z).
Ïðåäïîëîæèì, ÷òî äëÿ êàæäîãî ïàðàìåòðà v èç íåêîòîðîé îêðåñòíî-

ñòè V òî÷êè 0V îòîáðàæåíèå f(z, v) äè��åðåíöèðóåìî ïî ïåðåìåííîé z
â íåêîòîðîì øàðå Z ñ öåíòðîì â òî÷êå 0Z, ïðè÷åì â ñàìîé òî÷êå 0Z
îòîáðàæåíèå f(z, v) äè��åðåíöèðóåìî ðàâíîìåðíî îòíîñèòåëüíî ïàðàìåò-
ðà v ∈ V , ò.å. äëÿ ëþáûõ òî÷åê z0 ∈ Z, v ∈ V ñóùåñòâóåò îïåðàòîð

fz(z0, v) ∈ L(Z) òàêîé, ÷òî âûïîëíåíî óñëîâèå

lim
r→0

sup{||f(z, v)− f(z0, v)− fz(z0, v)(z − z0)||Z | z ∈ BZ(z0; r)}/r = 0,

ïðè÷åì ïðè z0 = 0Z ýòî óñëîâèå âûïîëíåíî ðàâíîìåðíî îòíîñèòåëüíî ïà-

ðàìåòðà v ∈ V . Êðîìå òîãî, ïîòðåáóåì äè��åðåíöèðóåìîñòü îòîáðàæåíèÿ

f(0Z, v) è íåïðåðûâíîñòü ïðîèçâîäíîé fz(0Z, v) â òî÷êå 0V, ò.å.

lim
r→0

sup{||f(0Z, v)− fv(0Z, 0V)v||Z | v ∈ BV(0V; r)}/r = 0,

lim
v→0V

||fz(0Z, v)− fz(0Z, 0V)||L(Z) = 0.

Òàêæå ïðåäïîëîæèì, ÷òî

sup{||fz(z, v)||Z | z ∈ Z, v ∈ V } <
1

6τ0
, ||fv(0Z, 0V)||L(V,Z) <

1

6τ0
.

Ïîëîæèì

τ1 =
1

6
(max{sup{||fz(z, v)||Z | z ∈ Z, v ∈ V }, ||fv(0Z, 0V)||L(V,Z)})

−1

è çà�èêñèðóåì ïðîèçâîëüíîå ÷èñëî ε ∈ (0, 1
3τ1

]. Òîãäà íàéäåòñÿ ÷èñëî δε > 0
òàêîå, ÷òî

BZ(0Z; 3δε) ⊂ Z,BV(0V; δε) ⊂ V

è äëÿ ëþáîé òî÷êè v ∈ BV(0V; δε) ñïðàâåäëèâû íåðàâåíñòâà

||f(0Z, v)− fv(0Z, 0V)v||Z < εδε, ||fz(0Z, v)− fz(0Z, 0V)||L(Z) < ε, (3)

à äëÿ ëþáîãî ðàäèóñà r ∈ (0, 2δε] è òî÷êè z ∈ BZ(0Z; r) ñïðàâåäëèâî íåðà-
âåíñòâî

||ϕ(z; v)||Z < εr, (4)
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ãäå

ϕ(z; v) = f(z, v)− f(0Z, v)− fz(0Z, v)z.

Èç îïðåäåëåíèÿ ÷èñëà τ1 ïîëó÷àåì,÷òî ñïðàâåäëèâû íåðàâåíñòâà

||fz(z, v)||L(Z) ≤
1

6τ1
, z ∈ Z, v ∈ V, ||fv(0Z, 0V)||L(V,Z) ≤

1

6τ1
.

Îòñþäà è èç âûáîðà ÷èñëà ε, à òàêæå ïåðâîãî íåðàâåíñòâà â �îðìóëå (3)
ïîëó÷àåì, ÷òî ïðè z ∈ Z è v ∈ BV(0V; δε) ñïðàâåäëèâû íåðàâåíñòâà

||f(z, v)||Z ≤ ||f(z, v)− f(0Z, v)||Z + ||f(0Z, v)− fv(0Z, 0V)v||Z

+||fv(0Z, 0V)||L(V,Z)||v||V < ||f(z, v)− f(0Z, v)||Z +
δε
2τ1

.

Òîãäà ïî òåîðåìå î êîíå÷íîì ïðèðàùåíèè (ñì. [18, ãë. 10, � 4℄) ïðèõî-

äèì ê òîìó, ÷òî äëÿ ëþáûõ òî÷åê z0 ∈ BZ(0Z; 2δε), z, z̃ ∈ BZ(z0, δε) è

v ∈ BV(0V; δε) ñïðàâåäëèâû íåðàâåíñòâà

||f(z, v)||Z <
1

6τ1
||z||Z +

δε
2τ1

≤
δε
τ 1
, ||f(z, v)− f(z̃, v)||Z ≤

1

6τ1
||z − z̃||Z. (5)

Îòñþäà íà îñíîâàíèè òåîðåìû î ëîêàëüíîé ðàçðåøèìîñòè (ñì. [19, ãë. 7,

� 1℄), îáîáùàþùåé êëàññè÷åñêóþ òåîðåìó Ïèêàðà, äëÿ ëþáîãî íà÷àëüíîãî

ïîëîæåíèÿ z0 ∈ BZ(0Z; 2δε) è ìîìåíòà âðåìåíè t0 óðàâíåíèå (1) ñ ïàðàìåò-
ðîì v ∈ BV(0V; δε) èìååò íà ïðîìåæóòêå [t0, t0 + τ1) îäíî è òîëüêî îäíî

ðåøåíèå z(t), óäîâëåòâîðÿþùåå íà÷àëüíûì äàííûì z(t0) = z0. Áîëåå òîãî,
çíà÷åíèÿ ýòîãî ðåøåíèÿ ïðè t ∈ [t0, t0 + τ1) ëåæàò â øàðå BZ(z0; δε).

Çà�èêñèðóåì ïðîèçâîëüíîå ÷èñëî τ ∈ (τ0, τ1). Òîãäà èç óñëîâèÿ (5)

ïîëó÷àåì, ÷òî äëÿ óðàâíåíèÿ (2) ñïðàâåäëèâà

Òåîðåìà 1. Äëÿ ëþáîãî íà÷àëüíîãî ïîëîæåíèÿ z0 ∈ BZ(0Z; δε), ìîìåí-
òîâ âðåìåíè t0, t1, t2, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì

τ0 ≤ t1 − t0 ≤ τ, τ0 ≤ t2 − t1 ≤ τ,

è çíà÷åíèÿ v0 ∈ BV(0V; δε) óðàâíåíèå (2) ñ óïðàâëåíèåì

v(t) =

{
0V, t ∈ [t0, t1),

v0, t ∈ [t1, t2),

èìååò íà îòðåçêå [t0, t2] îäíî è òîëüêî îäíî ðåøåíèå z(t), óäîâëåòâîðÿþùåå
íà÷àëüíûì äàííûì z(t0) = z0. Êðîìå òîãî, çíà÷åíèÿ ýòîãî ðåøåíèÿ ïðè

t ∈ [t0, t2] ëåæàò â øàðå BZ(0Z; 3δε).
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Äîêàçàòåëüñòâî. Ïóñòü z0 ∈ BZ(0Z; δε) è t1 ∈ [t0 + τ0, t0 + τ ]. Òîãäà
â ñèëó óñëîâèÿ (5) è âûáîðà ÷èñëà τ óðàâíåíèå (1) ñ ïàðàìåòðîì v = 0V
èìååò íà îòðåçêå [t0, t1] îäíî è òîëüêî îäíî ðåøåíèå z(t), óäîâëåòâîðÿþùåå
íà÷àëüíûì äàííûì z(t0) = z0. Êðîìå, òîãî ïðè t ∈ [t0, t1] ýòî ðåøåíèå áóäåò
ëåæàòü â øàðå BZ(z0; δε) è, ñëåäîâàòåëüíî, òî÷êà z1 = z(t1) áóäåò ëåæàòü
â øàðå BZ(z0; δε).

Çàìåòèì, ÷òî èç âûáîðà z0 ñëåäóåò, ÷òî BZ(z0; δε) ⊂ BZ(0Z; 2δε). Òîãäà
â ñèëó óñëîâèÿ (5) çàêëþ÷àåì, ÷òî óðàâíåíèå (1) ñ ïàðàìåòðîì v = v0,
ãäå v0 ∈ BV(0V; δε), èìååò íà îòðåçêå [t1, t2], ãäå t2 ∈ [t1 + τ0, t1 + τ ], îäíî è
òîëüêî îäíî ðåøåíèå z(t), óäîâëåòâîðÿþùåå íà÷àëüíûì äàííûì z(t1) = z1.
Êðîìå, òîãî ïðè t ∈ [t1, t2] ýòî ðåøåíèå áóäåò ëåæàòü â øàðå BZ(z1; δε). Äëÿ
çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû îñòàåòñÿ îòìåòèòü, ÷òî BZ(z1; δε) ⊂
BZ(0Z; 3δε).

Äëÿ ëþáîãî íîìåðà s ∈ N ïîëîæèì ts = ts−1 + τ . Äîïóñòèì, ÷òî ðàç-

ðåøèìà ñëåäóþùàÿ çàäà÷à óïðàâëåíèÿ íà êîíå÷íîì ïðîìåæóòêå, ñîñòî-

ÿùàÿ â ñóùåñòâîâàíèè ÷èñëà r ∈ (0, δε] òàêîãî, ÷òî äëÿ ëþáîãî íà÷àëü-

íîãî ïîëîæåíèÿ z0 ∈ BZ(0Z; r) è ìîìåíòà âðåìåíè t0 íàéäåòñÿ çíà÷åíèå

v0 ∈ BV(0V; δε) òàêîå, ÷òî íà îòðåçêå [t0, t2] ðåøåíèå z(t) óðàâíåíèÿ (2)

ñ óïðàâëåíèåì

v(t) =

{
0V, t ∈ [t0, t1),

v0, t ∈ [t1, t2),

è íà÷àëüíûìè äàííûìè z(t0) = z0 áóäåò óäîâëåòâîðÿòü óñëîâèþ

z(t2) ∈ BZ(0Z; r).

Îòñþäà è èç òåîðåìû 1 ïðèõîäèì ê ñïðàâåäëèâîñòè âûñêàçûâàíèÿ: äëÿ ëþ-

áîãî íå÷åòíîãî íîìåðà s ∈ N, ïîëîæåíèÿ zs−1 ∈ BZ(0Z; r) íàéäåòñÿ óïðàâ-

ëåíèå v(t) ñî çíà÷åíèÿìè èç øàðà BV(0V; δε) òàêîå, ÷òî ðåøåíèå z(t) óðàâ-
íåíèÿ (2) íà îòðåçêå [ts−1, ts+1] ñ íà÷àëüíûìè äàííûìè z(ts−1) = zs−1

íå ïîêèäàåò øàð BZ(0Z; 3δε) è óäîâëåòâîðÿåò óñëîâèþ zs+1 ∈ BZ(0Z; r), ãäå
zs+1 = z(ts+1). Òîãäà íà îñíîâàíèè àêñèîìû èíäóêöèè ïîëó÷àåì, ÷òî äëÿ

ëþáîãî íà÷àëüíîãî ïîëîæåíèÿ z0 ∈ BZ(0Z; r), ìîìåíòà âðåìåíè t0, à òàê-

æå íå÷åòíîãî íîìåðà s ∈ N ñóùåñòâóåò óïðàâëåíèå v(t) ñî çíà÷åíèÿìè èç

øàðà BV(0V; δε) òàêîå, ÷òî íà îòðåçêå [t0, ts+1] óðàâíåíèå (2) èìååò îäíî è
òîëüêî îäíî ðåøåíèå z(t), óäîâëåòâîðÿþùåå íà÷àëüíûì äàííûì z(t0) = z0,
è ýòî ðåøåíèå íå âûõîäèò çà ïðåäåëû øàðà BZ(0Z; 3δε) ïðè t ∈ [t0, ts+1].

Òàêèì îáðàçîì, âîïðîñ î ðàçðåøèìîñòè çàäà÷è óïðàâëåíèÿ íà áåñêî-

íå÷íîì ïðîìåæóòêå ñâîäèòñÿ ê ðàçðåøèìîñòè çàäà÷è óïðàâëåíèÿ íà êî-

íå÷íîì ïðîìåæóòêå.
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� 4. Ëèíåàðèçàöèÿ çàäà÷è óïðàâëåíèÿ

Ïîëîæèì A = fz(0Z, 0V) è äîïóñòèì, ÷òî ñïåêòð îïåðàòîðà A ðàñïîëî-

æåí âíóòðè ïðàâîé ïîëóïëîñêîñòè. Äàëåå, ïîëîæèì B = fv(0Z, 0V) è ïðåä-
ïîëîæèì, ÷òî îïåðàòîð B âçàèìíî îäíîçíà÷íî îòîáðàæàåò V íà Z. Òîãäà

ïî òåîðåìå Áàíàõà îá îáðàòíîì îïåðàòîðå îïåðàòîð B è, ñëåäîâàòåëüíî,

îïåðàòîð C = −A−1B îñóùåñòâëÿþò èçîìîð�èçì ìåæäó áàíàõîâûìè ïðî-

ñòðàíñòâàìè V è Z.

Çàäà÷ó óïðàâëåíèÿ íà êîíå÷íîì ïðîìåæóòêå áóäåì ðåøàòü ñ ïîìîùüþ

ðåøåíèé ëèíåéíîãî óðàâíåíèÿ

x′(t) = A(x(t)− u), (6)

ãäå ïàðàìåòð u ∈ Z.

Íàïîìíèì (ñì. [19, ãë. 7, � 1℄), ÷òî åå ðåøåíèå ñ íà÷àëüíûìè äàííûìè

x(t0) = x0 ïðåäñòàâèìî â âèäå x(t) = u+ eA(t−t0)(x0−u), ãäå äëÿ îïåðàòîð-

�óíêöèè eAt =
∞∑
k=0

Aktk

k!
, íàçûâàåìîé îïåðàòîðíîé ýêñïîíåíòîé, ñïðàâåäëè-

âî ðàâåíñòâî eA(t+t̃) = eAteAt̃
ïðè ëþáûõ t, t̃ ∈ R. Êðîìå òîãî (ñì. [19, ãë. 1,

� 4℄), äëÿ îïåðàòîðíîé ýêñïîíåíòû ñïðàâåäëèâà îöåíêà ||eAt||L(Z) ≤ et||A||L(Z)

ïðè t ≥ 0.

Ïîëîæèì S = e−Aτ (eAτ − E), ãäå E � òîæäåñòâåííûé îïåðàòîð â ïðî-

ñòðàíñòâå Z. Òîãäà äëÿ ðåøåíèé ëèíåéíîãî óðàâíåíèÿ (6) ñïðàâåäëèâà

Ëåììà 1. Îïåðàòîð S íåïðåðûâíî îáðàòèì, ïðè÷åì äëÿ ëþáîãî ïî-

ëîæåíèÿ x0 ∈ Z è ìîìåíòà âðåìåíè t0 çíà÷åíèå x(t0 + τ) ðåøåíèÿ óðàâ-

íåíèÿ (6) ñ ïàðàìåòðîì u = S−1x0 è íà÷àëüíûìè äàííûìè x(t0) = x0
ñîâïàäàåò ñ òî÷êîé 0Z.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî îïåðàòîð S, ðàâíûé E − e−Aτ
, íåïðå-

ðûâíî îáðàòèì. Äëÿ ýòîãî äîêàæåì, ÷òî ðÿä

∞∑
k=0

e−Aτk
ñõîäèòñÿ àáñîëþòíî.

Ïîñêîëüêó ñïåêòð îïåðàòîðà A ëåæèò âíóòðè ïðàâîé ïîëóïëîñêîñòè,

òî ñóùåñòâóåò ïîëîæèòåëüíîå µ > 0 òàêîå, ÷òî êàæäàÿ òî÷êà λ ñïåêòðà

ðàñïîëîæåíà ïðàâåå ÷èñëà µ, ò.å. µ < Reλ. Òîãäà â ñèëó òåîðåìû î ñó-

ùåñòâîâàíèè ñòðîãîãî ïîêàçàòåëÿ ýêñïîíåíöèàëüíîãî ðîñòà (ñì. [19, ãë. 1,

� 4℄) äëÿ ÷èñëà µ íàéäåòñÿ ïîëîæèòåëüíîå N òàêîå, ÷òî ||e−At||L(Z) ≤ Ne−µt

ïðè t ≥ 0, è çíà÷èò, ||e−Aτk||L(Z) ≤ Ne−µτk
äëÿ êàæäîãî k ∈ N. Îòñþäà óñòà-

íàâëèâàåì, ÷òî ÷èñëîâîé ðÿä

∞∑
k=0

Ne−µτk
ñõîäèòñÿ ê ÷èñëó N(1 − e−µτ )−1

.

Ñëåäîâàòåëüíî, ðÿä

∞∑
k=0

e−Aτk
ñõîäèòñÿ ê íåêîòîðîìó îïåðàòîðó èç L(Z).
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Íàêîíåö, èç ðàâåíñòâ

S
n∑

k=0

e−Aτk =
n∑

k=0

(e−Aτk − e−Aτ(k+1)) = E − e−Aτ(n+1)

ïðèõîäèì ê çàêëþ÷åíèþ, ÷òî ñóììà

∞∑
k=0

e−Aτk
ÿâëÿåòñÿ îáðàòíûì îïåðàòî-

ðîì ê S, è, çíà÷èò, îïåðàòîð S íåïðåðûâíî îáðàòèì.

Òåïåðü çà�èêñèðóåì ïðîèçâîëüíîå ïîëîæåíèå x0 ∈ Z è ìîìåíò âðå-

ìåíè t0. Òîãäà ðåøåíèå x(t) óðàâíåíèÿ (6) ñ ïàðàìåòðîì u = S−1x0 è

íà÷àëüíûìè äàííûìè x(t0) = x0 ïðåäñòàâèìî â âèäå

x(t) = u+ eA(t−t0)(x0 − u) = eA(t−t0)x0 − (eA(t−t0) −E)S−1x0.

Íàïîìíèì, ÷òî îïåðàòîð e−Aτ
ÿâëÿåòñÿ îáðàòíûì ê eAτ

. Òîãäà çíà÷åíèå

x(t0 + τ) ïðåäñòàâèìî â âèäå

x(t0 + τ) = eAτx0 − (eAτ −E)S−1x0 = eAτ (E − e−Aτ (eAτ −E)S−1)x0.

Îòñþäà è èç îïðåäåëåíèÿ îïåðàòîðà S çàêëþ÷àåì, ÷òî

x(t0 + τ) = eAτ (E − e−Aτ (eAτ −E)S−1)x0 = eAτ (E − SS−1)x0 = 0Z.

Äëÿ ðåøåíèé óðàâíåíèé (1) è (6) ñïðàâåäëèâà

Òåîðåìà 2.Äëÿ ëþáîãî ðàäèóñà r ∈ (0; δε], à òàêæå òî÷êè z0 ∈ BZ(0Z, r)
è ìîìåíòà âðåìåíè t0 ðåøåíèå z(t) óðàâíåíèÿ (1) ñ ïàðàìåòðîì v ∈ BV(0V; δε)
è íà÷àëüíûìè äàííûìè z(t0) = z0, à òàêæå ðåøåíèå x(t) óðàâíåíèÿ (6), ãäå
u = Cv, ñ íà÷àëüíûìè äàííûìè x(t0) = z0 óäîâëåòâîðÿþò ïðè t ∈ [t0, t0+τ ]
íåðàâåíñòâó

||z(t)− x(t)||Z < Kτε(3δε + r),

ãäå K = eτ ||A||L(Z)
, ïðè÷åì, åñëè v = 0V, òî

||z(t)− x(t)||Z < Kτεr.

Äîêàçàòåëüñòâî. Ïóñòü v ∈ BV(0V; δε) è r ∈ (0; δε]. Âûáåðåì òî÷êó

z0 ∈ BZ(0Z; r) è ìîìåíò âðåìåíè t0.
Íàïîìíèì, ÷òî â ñèëó óñëîâèÿ (5) è âûáîðà ÷èñëà τ óðàâíåíèå (1)

ñ ïàðàìåòðîì v èìååò íà îòðåçêå [t0, t0 + τ ] îäíî è òîëüêî îäíî ðåøåíèå

z(t), óäîâëåòâîðÿþùåå íà÷àëüíûì äàííûì z(t0) = z0.
Ïåðåïèøåì óðàâíåíèå (1) â âèäå

z′(t) = A(z(t)− Cv) + ψ(z(t), v),
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ãäå

ψ(z; v) = f(0Z, v)− Bv + (fz(0Z, v)−A)z + ϕ(z; v).

Äëÿ åå ðåøåíèÿ z(t) è ðåøåíèÿ x(t) óðàâíåíèÿ (6) ñ ïàðàìåòðîì u = Cv,
ðàññìàòðèâàåìûõ íà îòðåçêå [t0, t0 + τ ] è èìåþùèõ îäèíàêîâîå íà÷àëüíîå

ïîëîæåíèå â òî÷êå z0, ïîëîæèì h(t) = z(t)− x(t).
ßñíî, ÷òî ðàçíîñòü h(t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè äëÿ óðàâíå-

íèÿ

h′(t) = Ah(t) + ψ(z(t); v), t ∈ [t0, t0 + τ ],

ñ íà÷àëüíûìè äàííûìè h(t0) = 0Z.
Íàéäåì ðåøåíèå ýòîé çàäà÷è Êîøè. Äëÿ ýòîãî âîñïîëüçóåìñÿ ìåòîäîì

âàðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé. �åøåíèå áóäåì èñêàòü â âèäå h(t) =
eA(t−t0)y(t).

Ïîäñòàâèâ ýòó �óíêöèþ â ðàññìàòðèâàåìîå íåîäíîðîäíîå óðàâíåíèå è

ïîëüçóÿñü ñâîéñòâîì îïåðàòîðíîé ýêñïîíåíòû

deA(t−t0)

dt
= AeA(t−t0)

, ïîëó÷èì

eA(t−t0)y′(t) = ψ(z(t); v), t ∈ [t0, t0 + τ ].

Ïîñêîëüêó îïåðàòîð e−A(t−t0)
ÿâëÿåòñÿ îáðàòíûì ê eA(t−t0)

, òî èç íà-

÷àëüíûõ äàííûõ y(t0) = 0Z ïîëó÷àåì, ÷òî

y(t) =

t∫

t0

e−A(ξ−t0)ψ(z(ξ); v) dξ, t ∈ [t0, t0 + τ ],

è, ñëåäîâàòåëüíî,

h(t) = eA(t−t0)

t∫

t0

e−A(ξ−t0)ψ(z(ξ); v) dξ =

t∫

t0

eA(t−ξ)ψ(z(ξ); v) dξ.

Îòñþäà è èç îöåíêè äëÿ îïåðàòîðíîé ýêñïîíåíòû ïðèõîäèì ê ñïðàâåäëè-

âîñòè íåðàâåíñòâà

||h(t)||Z ≤ e(t−t0)||A||L(Z)

t∫

t0

||ψ(z(ξ); v)||Z dξ.

Íàïîìíèì, ÷òî ïàðàìåòð v ëåæèò â øàðå BV(0V; δε) à òî÷êà z0 � â øàðå

BZ(0Z; r) ⊂ BZ(0Z; δε). Òîãäà â ñèëó óñëîâèÿ (5) è âûáîðà ÷èñëà τ ðåøåíèå
z(t) óðàâíåíèÿ (1) ñ íà÷àëüíûìè äàííûìè z(t0) = z0 îñòàåòñÿ íà âñåì

ïðîìåæóòêå [t0, t0 + τ ] â ïðåäåëàõ øàðà BZ(z0; δε) ⊂ BZ(0Z; 2δε). Îòñþäà è
èç îöåíîê (3)-(4), ïîëó÷àåì, ÷òî ïðè t ∈ [t0, t0+τ ] ñïðàâåäëèâû íåðàâåíñòâà

||ψ(z(t); v)||Z ≤ ||f(0Z, v)− Bv||Z + ||fz(0Z, v)− A||L(Z)||z(t)||Z+
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+||ϕ(z(t); v)||Z < εδε + 2εδε + εr = ε(3δε + r).

Òàêèì îáðàçîì, ïðèõîäèì ê ñïðàâåäëèâîñòè íåðàâåíñòâ

||h(t)||Z < e(t−t0)||A||L(Z)(t− t0)ε(3δε + r) ≤ Kτε(3δε + r),

à ïðè v = 0V � îöåíêå ||z(t)− x(t)||Z < Kτεr.

� 5. �àçðåøèìîñòü çàäà÷è óïðàâëåíèÿ

�àññìîòðèì çàäà÷ó óïðàâëåíèÿ íà êîíå÷íîì ïðîìåæóòêå ñ íà÷àëüíûì

ìîìåíòîì âðåìåíè t0. Èñêîìûå çíà÷åíèÿ óïðàâëåíèÿ v(t) áóäåì ñòðîèòü ñ

ïîìîùüþ ðåøåíèé u óðàâíåíèÿ Su = z, ãäå S = e−Aτ (eAτ −E). Íàïîìíèì,
÷òî ïî ëåììå 1 îïåðàòîð S íåïðåðûâíî îáðàòèì.

Ïîëîæèì γε = δε(τε+ 1)−1
, r = γεK

−1MCMS, ãäå

MC = min{1, 1/||C−1||L(Z,V)}, MS = min{1, 1/||S−1||L(Z)}.

Âûáåðåì íà÷àëüíîå ïîëîæåíèå z0 ∈ BZ(0Z; r). Íàïîìíèì, ÷òî ðåøåíèå x(t)
óðàâíåíèÿ (6) ñ ïàðàìåòðîì u = 0Z è íà÷àëüíûìè äàííûìè x(t0) = z0
ïðåäñòàâèìî â âèäå x(t) = eA(t−t0)z0. Òîãäà èç îöåíêè äëÿ îïåðàòîðíîé

ýêñïîíåíòû ïîëó÷àåì, ÷òî äëÿ çíà÷åíèÿ x(t1), ãäå t1 = t0+ τ , ñïðàâåäëèâû
íåðàâåíñòâà

||x(t1)||Z ≤ ||eAτ ||L(Z)||z0||Z ≤ Kr = γεMCMS.

Äàëåå, îòìåòèì, ÷òî ïî ïîñòðîåíèþ r = γεK
−1MCMS < δε. Ïîñêîëüêó

z0 ∈ BZ(0Z; r), òî â ñèëó òåîðåìû 2 ïîëó÷àåì, ÷òî äëÿ ðåøåíèÿ z(t) óðàâ-
íåíèÿ (1) ñ ïàðàìåòðîì v = 0V è íà÷àëüíûìè äàííûìè z(t0) = z0 èìååò
ìåñòî îöåíêà

||z(t1)− x(t1)||Z < Kτεr = τεγεMCMS.

Îòñþäà è èç îïðåäåëåíèÿ êîý��èöèåíòà MS ïîëó÷àåì, ÷òî äëÿ çíà÷åíèÿ

z(t1) ñïðàâåäëèâû íåðàâåíñòâà

||z(t1)||Z ≤ ||z(t1)− x(t1)||Z + ||x(t1)||Z < (τε+ 1)γεMCMS ≤ (τε+ 1)γεMC ,

à äëÿ ïàðàìåòðà u0 = S−1z(t1) �

||u0||Z ≤ ||S−1||L(Z)||z(t1)||Z < ||S−1||L(Z)×

×(τε+ 1)γεMCMS ≤ (τε+ 1)γεMC .
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È íàêîíåö, ó÷òÿ îïðåäåëåíèÿ êîý��èöèåíòîâ γε è MC , ïîëó÷àåì ñïðàâåä-

ëèâîñòü íåðàâåíñòâ

||z(t1)||Z < (τε+ 1)γεMC ≤ (τε+ 1)γε = δε,

||C−1u0||V < ||C−1||L(Z,V)(τε+ 1)γεMC ≤ (τε + 1)γε = δε,

ò.å. çíà÷åíèÿ v0 = C−1u0 è z1 = z(t1) ëåæàò â øàðàõ BV(0V; δε) è BZ(0Z; δε)
ñîîòâåòñòâåííî.

Òåïåðü ðàññìîòðèì ðåøåíèå z(t) óðàâíåíèÿ (1) ñ ïàðàìåòðîì v = v0
è íà÷àëüíûìè äàííûìè z(t1) = z1, à òàêæå ðåøåíèå x(t) óðàâíåíèÿ (6)

ñ ïàðàìåòðîì u = u0 è íà÷àëüíûìè äàííûìè x(t1) = z1. Èç ðàñïîëîæåíèÿ
òî÷åê v0, z1 è òåîðåìû 2 ïîëó÷àåì, ÷òî äëÿ çíà÷åíèé z(t2) è x(t2), ãäå
t2 = t1 + τ , ñïðàâåäëèâà îöåíêà

||z(t2)− x(t2)||Z < Kτε(3δε + δε) = 4Kτεδε,

à â ñèëó ëåììû 1 ñïðàâåäëèâî ðàâåíñòâî x(t2) = 0Z. Ñëåäîâàòåëüíî, çíà-
÷åíèå z(t2) íàõîäèòñÿ â ïðåäåëàõ øàðà BZ(0Z; 4Kτεδε). Îòñþäà è èç äîïó-
ùåíèÿ 4Kτεδε ≤ r ïðèõîäèì ê òîìó, ÷òî óïðàâëåíèå

v(t) =

{
0V, t ∈ [t0, t1),

v0, t ∈ [t1, t2),

åñòü èñêîìîå óïðàâëåíèå, ïðè êîòîðîì ðåøåíèå z(t) óðàâíåíèÿ (2) íà îò-

ðåçêå [t0, t2] ñ íà÷àëüíûìè äàííûìè z(t0) = z0 èç øàðà BZ(0Z; r) âîçâðà-
ùàåòñÿ â øàð BZ(0Z; r) â ìîìåíò âðåìåíè t2.

Íàêîíåö, èç îïðåäåëåíèÿ ðàäèóñà r ïîëó÷àåì, ÷òî óñëîâèå 4Kτεδε ≤ r
ýêâèâàëåíòíî íåðàâåíñòâó

(τε)2 + τε ≤
MCMS

4K2
.

Ïîñêîëüêó ïðàâàÿ ÷àñòü íåðàâåíñòâà ïîëîæèòåëüíà è íå çàâèñèò îò ε, òî
ïðè äîñòàòî÷íî ìàëûõ ε ïðèõîäèì ê ðàçðåøèìîñòè çàäà÷è óïðàâëåíèÿ

íà êîíå÷íîì ïðîìåæóòêå.

Â èòîãå äëÿ çàäà÷è íà áåñêîíå÷íîì ïðîìåæóòêå ñïðàâåäëèâà

Òåîðåìà 3. Ïóñòü äëÿ êàæäîãî ïàðàìåòðà v èç íåêîòîðîé îêðåñò-

íîñòè V òî÷êè 0V îòîáðàæåíèå f(z, v) äè��åðåíöèðóåìî ïî ïåðåìåííîé

z â íåêîòîðîì øàðå Z ñ öåíòðîì â òî÷êå 0Z, ïðè÷åì â ñàìîé òî÷êå 0Z
îòîáðàæåíèå f(z, v) äè��åðåíöèðóåìî ðàâíîìåðíî îòíîñèòåëüíî ïàðàìåò-
ðà v ∈ V , à â òî÷êå 0V îòîáðàæåíèå f(0Z, v) äè��åðåíöèðóåìî è ïðîèç-

âîäíàÿ fz(0Z, v) íåïðåðûâíà. Åñëè

sup{||fz(z, v)||Z | z ∈ Z, v ∈ V } <
1

6τ0
, ||fv(0Z, 0V)||L(V,Z) <

1

6τ0
,

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 1, C. 163-178

Mat. Trudy, 2024, vol. 27, no. 1, pp. 163-178



Ñåäèïêîâ À. À. 175

à ñïåêòð îïåðàòîðà fz(0Z, 0V) ðàñïîëîæåí âíóòðè ïðàâîé ïîëóïëîñêîñòè è

îïåðàòîð fv(0Z, 0V) âçàèìíî îäíîçíà÷íî îòîáðàæàåò V íà Z, òî ñóùåñòâóåò

ðàäèóñ r > 0 òàêîé, ÷òî äëÿ ëþáîãî ïîëîæåíèÿ z0 ∈ BZ(0Z; r) è ìîìåíòà

âðåìåíè t0 ñóùåñòâóåò óïðàâëåíèå v(t) ñî çíà÷åíèÿìè èç îêðåñòíîñòè V ,
ïðè êîòîðîì äëÿ ëþáîãî íå÷åòíîãî íîìåðà s ∈ N íà îòðåçêå [t0, ts+1] óðàâ-
íåíèå (2) èìååò îäíî è òîëüêî îäíî ðåøåíèå z(t), óäîâëåòâîðÿþùåå íà÷àëü-
íûì äàííûì z(t0) = z0, è ýòî ðåøåíèå ïðè t ∈ [t0, ts+1] îñòàåòñÿ â ïðåäåëàõ
îêðåñòíîñòè Z.
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